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FROM LOCAL TO GLOBAL IDEAL-TRIANGULARIZABILITY
ROMAN DRNOVSˇEK, MARKO KANDIC´
Abstract. Let L be a Banach lattice with order continuous norm, and let S be a
multiplicative semigroup of ideal-triangularizable positive compact operators on L such
that, for every pair {S, T } ⊆ S, the atomic diagonal of the commutator ST −TS is equal
to zero. We prove that the semigroup S is ideal-triangularizable.
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1. Introduction
Let L be a normed Riesz space, and let L+ denote the positive cone of L. Elements
of L+ are called positive vectors. A linear subspace J of L is an ideal in L whenever
|x| ≤ |y| and y ∈ J imply x ∈ J . A band in L is an order closed ideal. A band B in L is
a projection band whenever L = B ⊕ Bd. In this case, there exists a positive projection
onto B with a kernel Bd, and the direct sum is also an order direct sum. A Banach lattice
L is said to have an order continuous norm whenever every decreasing net {xα}α with
infimum 0 of positive vectors in L converges in norm to 0. It is well known that a Banach
lattice with order continuous norm is Dedekind complete, and that its closed ideals are
bands [2]. Moreover, every band in a Dedekind complete Banach lattice is a projection
band.
A non-zero vector a ∈ L+ is an atom in a normed Riesz space L if 0 ≤ x, y ≤ a and
x ∧ y = 0 imply either x = 0 and y = 0, or equivalently, if 0 ≤ x ≤ a implies x = λa for
some λ ≥ 0, i.e., the principal ideal Ba generated by a is one dimensional. It turns out
that Ba is a projection band [13]. The decomposition L = Ba ⊕ Bda implies that for an
arbitrary (positive) vector x ∈ L there exist a (positive) scalar λx and a (positive) vector
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yx ∈ Bda such that x = λxa+ yx. The linear functional ϕa : L→ R associated to the atom
a is defined by ϕa(x) = λx. A positive vector x ∈ L is a quasi-interior point in L if the
principal ideal in L generated by x is dense in L.
A (linear) operator T between Riesz spaces L1 and L2 is said to be positive if T maps
the positive cone L+1 into the positive cone L
+
2 . The absolute kernel N (T ) of T is defined
as N (T ) = {x ∈ L1 : T |x| = 0}. If it is a zero ideal, then T is said to be strictly
positive. The range ideal R(T ) of T is the ideal generated by the range of T . Recall
that every positive operator T on a Banach lattice is continuous, and its spectral radius
r(T ) belongs to its spectrum σ(T ). Throughout the text we assume that functionals and
operators acting on normed Riesz spaces are continuous.
A family F of operators on a normed Riesz space L is said to be ideal-reducible when-
ever there exists a nontrivial closed ideal in L that is invariant under all operators from
the family F . Otherwise, we say that F is ideal-irreducible. The following very useful
proposition is proved in [8].
Proposition 1.1. Let L be a normed Riesz space, and let S be a semigroup of positive
operators on L. The following statements are equivalent:
(a) S is ideal-reducible;
(b) there exist a nonzero positive functional ϕ ∈ L∗ and a nonzero positive vector
f ∈ L+ such that ϕ(Sf) = {0};
(c) there exist nonzero positive operators A and B on L such that ASB = {0};
(d) some nonzero semigroup ideal of S is ideal-reducible.
If there is a chain C that is maximal as a chain of closed ideals of L and that has the
property that every ideal in C is invariant under all the operators in a family F , then F
is said to be ideal-triangularizable, and C is an ideal-triangularizing chain for F . Every
maximal chain of closed ideals is also maximal as a chain of closed subspaces of L [6]. Let
I and J be closed ideals in L that are invariant under every operator from a family F . If
I ⊆ J , then F induces a family F̂ of operators on the quotient normed Riesz space J/I as
follows. For each T ∈ F the operator T̂ is defined on J/I by T̂ (x+ I) = Tx+ I. Any such
family F̂ is called a family of ideal-quotients of the family F . A set P of properties is said
to be inherited by ideal-quotients if every family of ideal-quotients of a family of operators
satisfying P also satisfies the same properties. Ideal-triangularizability of operators on
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Banach lattices is in practice often reduced to ideal-reducibility of operators. The details
are contained in the following lemma that was proved in [5].
Lemma 1.2 (The Ideal-triangularization Lemma). Let P be the set of properties inher-
ited by ideal-quotients. If every family of operators on a Banach lattice of dimension
greater than one which satisfies P is ideal-reducible, then every such family is ideal-
triangularizable.
Let T be an operator on a Banach lattice L with an order continuous norm. If B1
and B2 are bands of L such that B2 ⊆ B1, then the quotient Banach lattice B1/B2 is
isometrically lattice isomorphic to the band B := B1 ∩ Bd2 , and so the norm of B is also
order continuous. If T leaves the bands B1 and B2 invariant, then the induced operator
Tˆ on B1/B2 can be identified with the compression of T on B, that is, with the operator
PBT |B, where PB denotes the band projection on B.
For the terminology not explained in the text about normed Riesz spaces or Banach
lattices and operators acting on them we refer the reader to classical textbooks [1], [2],
[16] and [13].
Finally, we explain the organization of the paper. Section 2 deals with the structure
of positive idempotents of finite ranks. In Section 3 the atomic diagonal operator D
introduced recently in [12] is connected with the known band projection onto the center
of a Dedekind complete Banach lattice. The main result of the paper is Theorem 4.5
(and its finite-dimensional special case Corollary 4.6) in Section 4. It reveals the relation
between the atomic diagonal operator and the ideal-triangularizability of semigroups of
positive operators. We also prove Theorem 4.2 that completes [12, Theorem 3] and extends
[3, Theorem 3.8] and [14, Corollary 27].
2. The structure of positive idempotents of finite rank
The structure result for positive idempotents on Lp-spaces (1 ≤ p < ∞) was given by
Zhong in [19]; see also the book [15, Section 8.7] for a complete treatment. In this section
we extend this result to Banach lattices with order continuous norm.
Let L be a normed Riesz space, and let P be a positive idempotent operator of rank
one on L. Then there exist a positive vector x ∈ L and a positive linear functional ϕ on
L such that ϕ(x) = 1 and P = x⊗ ϕ, i.e., Py = ϕ(y)x for y ∈ L. The ideal-irreducibility
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of such an idempotent is characterized by the following lemma that is a generalization of
[15, Lemma 8.7.11].
Lemma 2.1. Let L be a normed Riesz space, and let P = x⊗ϕ be a positive idempotent
of rank one on L, where x ∈ L is a positive vector and ϕ a positive linear functional on
L. The following statements are equivalent:
(a) P is ideal-irreducible;
(b) The vector x is a quasi-interior point of L, and ϕ is a strictly positive functional
on L;
(c) P and P ∗ are strictly positive operators on L and L∗, respectively.
Proof. To see that (a) implies (b), assume that P is ideal-irreducible. If y is a positive
vector in the absolute kernel N (ϕ) of ϕ, then Py = ϕ(y)x = 0 implies that N (ϕ) is
invariant under P . Since P is ideal-irreducible, we have N (ϕ) = {0}, so that ϕ is strictly
positive on L. If 0 ≤ |y| ≤ λx with y ∈ L and λ ≥ 0, then |Py| ≤ P |y| ≤ λPx = λϕ(x)x
implies that the closure of the principal ideal generated by the positive vector x is invariant
under P . Hence, x needs to be a quasi-interior point in L.
Assume that (b) holds. To prove (a), assume that J is a proper closed ideal that
is invariant under the operator P . By [8, Lemma 1.1], there exists a nonzero positive
functional ψ on L which is zero on J . Then for y ∈ J we have 0 = ψ(Py) = ψ(x)ϕ(y).
Since x is a quasi-interior point, ψ(x) > 0 by [1, Lemma 4.15], and so we conclude that
ϕ(y) = 0. Since ϕ is a strictly positive functional, this implies that y = 0, so that J = {0}.
Therefore, the operator P does not have nontrivial closed invariant ideals.
Assume again that (b) holds. To show (c), assume that Py = 0 and P ∗ψ = 0 for some
positive vectors y and ψ in L and L∗, respectively. Since ϕ is a strictly positive functional
on L, the equality 0 = Py = ϕ(y)x implies that y = 0. Since x is a quasi-interior point
in L, the equality 0 = P ∗(ψ) = ψ(x)ϕ implies that ψ = 0 by [1, Lemma 4.15].
To see that (c) implies (b), suppose that P and P ∗ are strictly positive operators on
L and L∗, respectively. Let ψ be an arbitrary positive functional on L with ψ(x) = 0.
Then P ∗ψ = (ϕ⊗ x)ψ = ψ(x)ϕ = 0 implies ψ = 0, since P ∗ is strictly positive. It follows
from [1, Lemma 4.15] that x is a quasi-interior point in L. Suppose now that ϕ(y) = 0
for some positive vector y ∈ L. Then Py = (x ⊗ ϕ)(y) = ϕ(y)x = 0. Since P is strictly
positive, we have y = 0, so that ϕ is strictly positive on L. 
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Note that in the case when any of the equivalent statements of Lemma 2.1 holds for a
positive ideal-triangularizable idempotent P of rank one, then L is lattice isomorphic to
R, and P is just the identity on R.
Positive idempotents of finite rank are treated in the following propositions that ex-
tend [15, Proposition 8.7.12]. It should be noted that these propositions contain addi-
tional statements regarding the structure of finite rank idempotents that are also ideal-
triangularizable.
Proposition 2.2. Let L be a Banach lattice with order continuous norm and P a positive
idempotent of finite rank r such that P and P ∗ are strictly positive. There exist pairwise
disjoint bands L1, . . . , Lr in L such that L = L1 ⊕ · · · ⊕ Lr and P is of the form
P = P1 ⊕ · · · ⊕ Pr,
where Pj is an ideal-irreducible positive idempotent of rank 1 on Lj . If, in addition, P is
ideal-triangularizable, then r = dimL and P is the identity operator on L.
Proof. If r = 1, then the assertion follows from Lemma 2.1 and the remark following it.
Assume r > 1. Let x and y be linearly independent positive vectors in the range of the
operator P. Replacing y by x+ y (if necessary) we may assume 0 ≤ x ≤ y and x 6= y. Let
t0 be the supremum of the nonempty set {t ∈ R : t ≥ 0, ty ≤ x} that is bounded from
above. Since t0y ≤ x ≤ y and x 6= y, we have t0 < 1. Pick s ∈ (t0, 1) and let z = x− sy.
The vectors z+ and z− are both nonzero, since z is neither positive nor negative. From
z = Pz = Pz+ − Pz− ≤ Pz+ it easily follows z+ ≤ Pz+. Since P is strictly positive,
P (Pz+ − z+) = 0 implies Pz+ = z+. Let J be the closed ideal generated by the vector
z+. Note that J is invariant under P and it is nontrivial, since z− is nonzero. Therefore,
the operator P can be decomposed as [
P1 P2
0 P4
]
with respect to the decomposition L = J ⊕ Jd.
We claim that P2 = 0. Since P
2 = P , we have P 21 = P1, P
2
4 = P4 and P1P2+P2P4 = P2.
We conclude that P1P2P4 = 0. Since the operator P is strictly positive, the operator P1
is also strictly positive, and so P2P4 = 0. Taking the adjoints we have P
∗
4P
∗
2 = 0. Since
the adjoint P ∗ is strictly positive, so is the operator P ∗4 on (J
d)∗, and hence P2 = 0 as
claimed. We finish the proof by induction on r. 
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Proposition 2.3. Let L be a Banach lattice with order continuous norm and P a positive
idempotent of finite rank r on L. There exist pairwise disjoint bands B1, B2 and B3 with
L = B1 ⊕B2 ⊕B3 such that P can be decomposed as
(1) P =
 0 XQ XQY0 Q QY
0 0 0
 =
 XI
0
Q [ 0 I Y ] ,
where Q is an idempotent of rank r such that Q and Q∗ are strictly positive operators on B2
and B∗2 , respectively. Moreover, there exist pairwise disjoint bands L1, . . . , Lr in B2 with
B2 = L1⊕· · ·⊕Lr such that Q = Q1⊕· · ·⊕Qr, where Qj is a strictly positive idempotent
of rank one on Lj . If, in addition, P is ideal-triangularizable, then the dimension of B2
is finite and Q is the identity operator on B2.
Proof. Let B1 be the absolute kernel of the operator P , and let B be the band generated
by B1 and the range of the operator P . Let B2 = B ∩Bd1 and B3 = B
d. Let 0 X Z0 Q Y
0 0 0

be the operator matrix corresponding to the operator P with respect to the decomposition
L = B1 ⊕B2 ⊕B2.
Since P is an idempotent, we have Q2 = Q, X = XQ, Y = QY and Z = XY , so that
the decomposition (1) is proved. It also shows that the rank of Q must be r. We claim
that Q and Q∗ are strictly positive operators on B2 and B
∗
2 , respectively. Suppose that
for some positive vector x ∈ B2 we have Qx = 0. Then Xx = XQx = 0, so that Px = 0
implies x = 0. Suppose that a positive functional ϕ in B∗2 satisfies Q
∗ϕ = 0. Then ϕ is
zero on the range of the operator P which implies ϕ = 0. The last two assertions hold by
Proposition 2.2. 
3. The atomic diagonal operator
Throughout this section, let L be a Dedekind complete Banach lattice. Denote by Lr(L)
the Dedekind complete Riesz space of all regular operators on L, i.e., those operators that
are linear combinations of positive operators. It is well known that Lr(L) becomes a
Banach lattice algebra with respect to the regular norm defined by ‖T‖r := ‖|T |‖. The
center Z(L) is the ideal in Lr(L) generated by the identity operator I, i.e.,
Z(L) = {T ∈ Lr(L) : |T | ≤ λI for some λ ≥ 0}.
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If T ∈ Z(L), then the operator norm and the regular norm of T coincide. Since Z(L) is
also a band in Lr(L), we have a band decomposition Lr(L) = Z(L) ⊕ Z(L)d. Let P be
the band projection onto Z(L). By a result of Voigt [18], P is a contraction with respect
to the operator norm. Schep [17] proved that the component P(T ) of a positive operator
T in Z(L) is
(2) P(T ) = inf
{
n∑
i=1
PiTPi : 0 ≤ Pi ≤ I, P
2
i = Pi,
n∑
i=1
Pi = I
}
.
Let A be the band generated by all atoms in L, and let A ⊆ A be the maximal set of
pairwise disjoint atoms of norm one. Given a ∈ A, we denote by Pa the band projection
onto the band Ba. Let T be a positive operator on L. In [12] it is proved that the operator
D(T ) = sup
{∑
a∈F
PaTPa : F is a finite subset of A
}
exists, since it is a supremum of an increasing net that is bounded from above, and it also
satisfies 0 ≤ D(T ) ≤ T. If L is atomic (i.e., A = L), then D(T ) = P(T ). For a general L
we have
Proposition 3.1. Let T be a positive operator on L. If PA denotes the band projection
onto the band A, then D(T ) = PAP(T ).
Proof. Since PA ∈ Z(L), it commutes with P(T ), and so PAP(T ) = PAP(T )PA. Applying
Schep’s formula (2) we obtain
PAP(T ) = PA inf
{
n∑
i=1
PiTPi : 0 ≤ Pi ≤ I, P
2
i = Pi,
n∑
i=1
Pi = I
}
PA.
Since 0 ≤ PA ≤ I, PA is order continuous, so that
PAP(T ) = inf
{
n∑
i=1
(PAPi)T (PiPA) : 0 ≤ Pi ≤ I, P
2
i = Pi,
n∑
i=1
Pi = I
}
=
= inf
{
n∑
i=1
QiTQi : 0 ≤ Qi ≤ PA, Q
2
i = Qi,
n∑
i=1
Qi = PA
}
.
Since A is an atomic Dedekind complete Banach lattice, PAP(T ) = D(T ). 
We use the equality from Proposition 3.1 to extend the operator D to the operator on
the whole space Lr(L), so we define D(T ) := PAP(T ) for T ∈ Lr(L). This extension is
called the atomic diagonal operator and the operator D(T ) on L is said to be the atomic
diagonal of an operator T ∈ Lr(L).
8 ROMAN DRNOVSˇEK, MARKO KANDIC´
Proposition 3.2. The following assertions hold for the atomic diagonal operator D:
(a) D is a band projection onto the band
{T ∈ Lr(L) : |T | ≤ λPA for some λ ≥ 0}
in Lr(L) that can be identified with the center Z(A);
(b) ‖D(T )‖ ≤ ‖P(T )‖ ≤ ‖T‖ for all T ∈ Lr(L);
(c) P(T ) = D(T ) for every positive compact operator T on L.
Proof. For the proof of (a) just note that, with respect to the band decomposition L =
A ⊕ Ad, an operator T ∈ Lr(L), its modulus |T | and the band projection PA have the
block forms
T =
[
T1 T2
T3 T4
]
, |T | =
[
|T1| |T2|
|T3| |T4|
]
and PA =
[
I 0
0 0
]
.
To show (b), use Voigt’s theorem [18, Theorem 1.4] to obtain that ‖D(T )‖ = ‖PAP(T )‖ ≤
‖P(T )‖ ≤ ‖T‖.
If PAd is the band projection on A
d, then the operator
P(T )−D(T ) = PAdP(T ) = PAdP(T )PAd ∈ Z(L)
is dominated by a positive compact operator PAdTPAd, and so it is equal to 0 by [17,
Corollary 1.7]. This proves (c). 
4. The ideal-triangularizability
We first extend [12, Theorem 3] by showing the implication that remained unproven in
[12]. In the proof we will make use of the following extension of Ringrose’s Theorem; see
[4, Theorem 2.1]. Recall that if T is a power-compact operator (i.e., some power of T is
a compact operator) on a Banach space X , then the algebraic multiplicity m(T, λ) of a
non-zero complex number λ is the dimension of the subspace ker ((λ−T )k), where k is the
smallest natural number such that ker ((λ− T )k) = ker ((λ− T )k+1). On the other hand,
the geometric multiplicity of λ is the dimension of the subspace ker (λ− T ). We say that
a chain C of closed subspaces of X is a complete chain if it contains arbitrary intersections
and closed linear spans of its members. If a closed subspace M is in a complete chain
C, then the predecessor M− of M in C is defined as the closed linear span of all proper
subspaces of M belonging to C.
Theorem 4.1. Let T be a power-compact operator on a Banach space X, and let C be
a complete chain of closed subspaces invariant under T . Let C′ be a subchain of C of all
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subspaces M ∈ C such that M− 6= M. For each M ∈ C′, define TM to be the quotient
operator on M/M− induced by T . Then
σ(T ) \ {0} =
⋃
M∈C′
σ(TM) \ {0}.
Moreover, for each non-zero complex number λ we have
m(T, λ) =
∑
M∈C′
m(TM, λ).
The following theorem completes [12, Theorem 3]. It extends [3, Theorem 3.8], where
the implication (c) ⇒ (a) has been proved for a positive compact operator on a Banach
lattice lp (1 < p < ∞). It is also a generalization of [14, Corollary 27], where positive
trace-class operators acting on Lp(µ) (1 ≤ p <∞) are considered. A diagonal entry of an
operator T on a Banach lattice L is the number ϕa(Ta), where ϕa is the linear functional
associated to an atom a ∈ L+.
Theorem 4.2. Let T be a positive power-compact operator on a Banach lattice L with
order continuous norm. The following conditions are mutually equivalent:
(a) T is ideal-triangularizable;
(b) T −D(T ) is quasinilpotent;
(c) The diagonal entries of T consists precisely of eigenvalues (except maybe zero) of
the operator T repeated according to their algebraic multiplicities.
Proof. It suffices to prove that (c) implies (a), since other implications were proved in
[12]. Let C be a maximal chain of closed ideals invariant under the operator T . We will
prove that, in fact, C is an ideal-triangularizing chain for T . Maximality of C implies that
{0} and L are elements of C, and that C is a complete chain. Therefore, we only need to
prove that for every J ∈ C the dimension of the quotient space J/J− is less than or equal
to one. Maximality of C also implies that the induced operator TJ is ideal-irreducible on
J/J−, and so it is not quasinilpotent by [9, Theorem 1.3] provided dim(J/J−) ≥ 2. Note
that TJ can be identified with the compression of T to the band J ∩ Jd−.
Let B be the set of all ideals J in C with dim(J/J−) ≥ 2. Assume that B is not
empty. Let λ be the largest number among the diagonal entries of the compressions of
the operator T onto J ∩ Jd−, where J runs over B. Pick any ideal J ∈ B such that λ
is the diagonal entry of the compression of the operator T onto J ∩ Jd−. We claim that
λ = r(TJ). Otherwise we would have λ < r(TJ), and so the number of appearances of
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r(TJ) as a diagonal entry of the compression of T onto some one-dimensional quotient
space (induced by an ideal in C) would be precisely the algebraic multiplicity of r(TJ). In
view of Theorem 4.1 this would imply that r(TJ) is not in the spectrum of TJ which is
absurd. So, λ = r(TJ) as claimed.
Therefore, the spectral radius r(TJ) appears on the diagonal of the compression of
T onto J ∩ Jd−. By [12, Corollary 1], this compression is ideal-reducible, contradicting
the maximality of the chain C. This implies that B is an empty set, and so C is an
ideal-triangularizing chain for the operator T . 
Now we turn our attention to multiplicative semigroups of ideal-triangularizable positive
operators. We first recall [5, Theorem 4.5].
Theorem 4.3. Every semigroup of quasinilpotent positive compact operators on a Banach
lattice is ideal-triangularizable.
As a consequence we obtain the following result.
Theorem 4.4. Let L be an atomless Banach lattice with order continuous norm. If S
is a semigroup of ideal-triangularizable positive compact operators on L, then it is ideal-
triangularizable.
Proof. By [8, Proposition 4.5], every operator in S is quasinilpotent, and so Theorem 4.3
can be applied. 
Theorems 4.3 and 4.4 do not hold without the assumption that the operators are
compact. Namely, in [10] there was constructed an irreducible semigroup of square-
zero positive operators on Lp[0, 1) (1 ≤ p < ∞) in which any finite number of elements
generate an ideal-triangularizable semigroup. So, one may seek for extensions of Theorem
4.4 by relaxing the assumption that L is atomless. It will turn out that in this case the
atomic diagonal operator plays important role.
Let L be a Banach lattice with order continuous norm, and let S be a semigroup of
positive operators on L. If S is ideal-triangularizable, then D(ST ) = D(S)D(T ) for
every pair {S, T} ⊆ S, as was shown in the proof of [12, Proposition 3]. It follows that
D(ST ) = D(TS) or equivalently D(ST − TS) = 0 for every pair {S, T} ⊆ S. The
following main theorem of the paper treats the question when the converse implication
holds. Note also that it is a generalization of Theorem 4.4.
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Theorem 4.5. Let S be a semigroup of ideal-triangularizable positive compact operators
on a Banach lattice L with order continuous norm such that D(ST ) = D(TS) for every
pair {S, T} ⊆ S. Then the semigroup S is ideal-triangularizable.
Proof. With no loss of generality we may assume that S is closed under positive scalar
multiplication. Let us prove that the assumptions are satisfied for the closure of S, so that
we may also assume that S is a closed set. To this end, let a sequence {Sk}k ⊆ S converge
to a positive compact operator S. By [17, Theorem 1.6], D(Sk) is a positive compact
operator for each k. Since the diagonal operator D is continuous by Theorem 3.2, the
sequence {D(Sk)}k converges to the operator D(S), so that the sequence {Sk −D(Sk)}k
converges to the operator S−D(S). Since the operators Sk−D(Sk) are all quasinilpotent
by Theorem 4.2, the compact operator S−D(S) is quasinilpotent as well by [15, Corollary
7.2.11.]. Thus, Theorem 4.2 implies that S is ideal-triangularizable. Since D(ST ) =
limk→∞D(SkT ) = limk→∞D(TSk) = D(TS) for every T ∈ S, we conclude (because of
symmetry) that D(ST ) = D(TS) for every pair {S, T} in the closure of S. Therefore, we
have shown that there is no loss of generality in assuming that S is a closed set.
We first show that S is ideal-reducible. Assume otherwise. It follows from Theorem 4.3
that any semigroup consisting of quasinilpotent positive compact operators and multiples
of the identity operator is ideal-triangularizable. Therefore, there exists an operator A ∈ S
such that r(A) = 1 and A is not the identity operator I. Since A is ideal-triangularizable,
[12, Proposition 4] implies that its spectrum σ(A) is contained in [0, 1]. We distinguish
two cases:
Case 1: The geometric multiplicity of the eigenvalue 1 ∈ σ(A) is equal to its algebraic
multiplicity. Then the sequence {Ak}k converges to a nonnegative idempotent E ∈ S of
finite rank satisfying E 6= I. Since E is ideal-triangularizable, it follows from Proposition
2.3 that there exist bands B1, B2 and B3 such that, with respect to the decomposition
L = B1 ⊕B2 ⊕B3, E has the block-triangular form
E =
 0 X XY0 I Y
0 0 0
 ,
where only one of the bands B1 and B3 may be equal to zero, and the dimension n =
dimB2 is finite, so that B2 is atomic and isomorphic to R
n by [16, Corollary 1, p.70].
Assume first that B1 = {0} and Y = 0, so that E has the form
E =
[
I 0
0 0
]
.
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Let
S =
[
S1 S2
S3 S4
]
∈ S and T =
[
T1 T2
T3 T4
]
∈ S
be arbitrary operators in S. The operators ES ·TE and TE ·ES are both in S, and they
have the same diagonal. From
ES · TE =
[
S1T1 + S2T3 0
0 0
]
and TE · ES =
[
T1S1 T1S2
T3S1 T3S2
]
we conclude that
D(S1T1) +D(S2T3) = D(T1S1).
Since
tr(D(S1T1)) = tr(S1T1) = tr(T1S1) = tr(D(T1S1)),
we obtain that tr(D(S2T3)) = 0, so that D(S2T3) = 0. Since S is ideal-irreducible, we can
choose an atom a ∈ B2 and an operator T ∈ S such that f = T3a is a nonzero positive
vector in B3. If ϕa is the linear functional associated to the atom a, then ϕa(Sf) =
ϕa(S2T3a) + ϕa(S4T3a) = 0, as D(S2T3) = 0 and S4T3a ⊥ a. This is a contradiction with
Proposition 1.1.
The case when B3 = {0} and X = 0 can be handled similarly. Hence, it remains to
consider the case when X and Y are not both zero. We consider only the case X 6= 0,
since the case Y 6= 0 is similar. Let
S =
 S1 S2 S3S4 S5 S6
S7 S8 S9
 ∈ S
be an arbitrary operator. Then
ES =
 XS4 +XY S7 ∗ ∗∗ S5 + Y S8 ∗
0 0 0

and
SE =
 0 ∗ ∗0 S4X + S5 ∗
0 ∗ S7XY + S8Y
 .
Since the operator ES is ideal-triangularizable, its (1, 1) block XS4 + XY S7 is ideal-
triangularizable as well, and so is the operator XS4. The equality D(SE) = D(ES)
implies that D(XS4) = 0, and so the operator XS4 is quasinilpotent by Theorem 4.2.
Since σ(XS4)\{0} = σ(S4X)\{0}, S4X is a nilpotent operator on a finite-dimensional
Banach lattice B2. Since the operator SE is ideal-triangularizable, its (2, 2) block S4X+S5
is ideal-triangularizable as well, and so is S4X . It follows that D(S4X) = 0. Since X 6= 0,
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there is an atom a ∈ B2 such that f = Xa is a nonzero vector in B1. The vectors S1f
and S7f are disjoint with the atom a, and so ϕa(Sf) = ϕa(S4f) = ϕa(S4Xa) = 0, as
D(S4X) = 0. This is again a contradiction with Proposition 1.1.
Case 2: The geometric multiplicity of the eigenvalue 1 ∈ σ(A) is smaller than its
algebraic multiplicity. Then, by the Riesz decomposition theorem, the Banach space L
can be decomposed into a direct sum of a finite-dimensional subspace L1 and a (possibly
zero) closed subspace L2 such that A has the block-diagonal form
A =
[
I +N 0
0 C
]
,
where N is a nilpotent operator on L1 of the nilpotency index k ≥ 2, and r(C) < 1
provided L2 is nonzero. Now
lim
m→∞
Am(
m
k−1
) = [ Nk−1 0
0 0
]
∈ S.
This proves that the semigroup S contains a square-zero operatorM 6= 0. Let N (M) and
R(M) denote the absolute kernel and the range ideal of the operatorM , respectively. We
claim that R(M) ⊆ N (M). If y is a vector in R(M), then there exist positive vectors
x1, . . . , xn ∈ E and positive scalars λ1, . . . , λn such that
|y| ≤
n∑
j=1
λjMxj .
Then we have
0 ≤M |y| ≤
n∑
j=1
λjM
2xj = 0,
which proves the claim. Now, if z ∈ N (M)d then Mz ∈ R(M) ⊆ N (M). This shows
that, with respect to the band decomposition L = N (M)⊕N (M)d, we have
M =
[
0 X
0 0
]
.
Let S be an arbitrary operator in S, and let
S =
[
S1 S2
S3 S4
]
be its block operator matrix with respect to the band decomposition L = N (M)⊕N (M)d.
Then
MS =
[
XS3 XS4
0 0
]
and SM =
[
0 S1X
0 S3X
]
.
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Since D(MS) = D(SM), we have D(XS3) = 0 and D(S3X) = 0. Since MS and
SM are ideal-triangularizable operators, the operators XS3 and S3X are also ideal-
triangularizable. Theorem 4.2 implies that XS3 and S3X are both quasinilpotent, so
that MS and SM are quasinilpotent as well.
Let J be the semigroup ideal in S generated by the operator M . Pick any S ∈ J .
Then S is a product of operators from S, and the operator M appears in this product
at least once. If M appears either at the beginning or at the end of this product, then
S is quasinilpotent by the observation above. Otherwise there exist S1 and S2 in S
such that S = S1MS2. By the well known equality for the spectral radius, we have
r(S) = r(S1MS2) = r(MS2S1) = 0. This implies that J consists of quasinilpotent
compact operators, so that it is ideal-triangularizable by Theorem 4.3. This is again a
contradiction with Proposition 1.1.
We have shown that the semigroup S is ideal-reducible. We will finish the proof by
applying the Ideal-triangularization lemma. The property D(ST ) = D(TS) is inherited by
ideal-quotients. Indeed, let J be a closed ideal in L that is invariant under the semigroup
S. Let S|J denote the restriction of the operator S to J , and let PJ be the band projection
onto J . Then we have
D(S|JT |J) =
∑
a∈A∩J
Pa(S|J)(T |J)Pa =
∑
a∈A∩J
Pa(ST )|JPa =
=
∑
a∈A∩J
PaPJSTPJPa = PJ
(∑
a∈A
PaSTPa
)
PJ = PJD(ST )PJ .
This implies that
D(S|JT |J) = PJD(ST )PJ = PJD(TS)PJ = D(T |JS|J).
This proves that the property of zero diagonals of commutators of operators from S is
inherited to restrictions on invariant closed ideals. Since the induced operator TJ of the
operator T on the quotient Banach lattice E/J can be identified with the compression of
the operator T to Jd, we can (similarly as above) prove that the property that the diagonal
of every commutator of operators from S is zero is inherited by induced operators on the
quotient Banach lattice E/J . Since ideal-triangularizability is inherited by ideal-quotients
by [11, Proposition 2.3], we finish the proof by applying the Ideal-triangularization lemma.

In the finite-dimensional case Theorem 4.5 can be stated as follows.
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Corollary 4.6. Let S be a semigroup of nonnegative n × n matrices. Suppose that for
every matrix S ∈ S there exists a permutation matrix PS (depending on S) such that the
matrix PSSP
−1
S is upper triangular. If D(ST ) = D(TS) for every pair S, T ∈ S, then
there exists a permutation matrix P such that every matrix in the semigroup PSP−1 is
upper triangular.
The following example which was already introduced in [7] shows that Theorem 4.5 and
Corollary 4.6 do not hold for collections of ideal-triangularizable nonnegative matrices
with zero diagonals of commutators.
Example 4.7. Let e1, e2, . . ., en be the standard basis vectors of IR
n, where n ≥ 3.
Define ideal-triangularizable nilpotent matrices by Ai = eie
T
i+1 for i = 1, 2, . . . , n− 1, and
An = ene
T
1 . Then the collection {A1, A2, . . . , An} has the property that D(AiAj) = 0 for
all 1 ≤ i, j ≤ n. We claim that the collection is not ideal-triangularizable. Assume the
contrary. Then the sum S = A1 + A2 + . . . + An is ideal-triangularizable. Since all the
diagonal entries of S are zero, S must be nilpotent which contradicts the fact that Sn = I.
The following example shows that Theorem 4.5 and Corollary 4.6 do not hold without
the assumption that operators are positive.
Example 4.8. Let
A =

0 0 1 −1
0 0 −1 1
0 0 0 0
0 0 0 0
 and B =

0 0 0 0
0 0 0 0
1 1 0 0
1 1 0 0
 .
Then A2 = B2 = AB = BA = 0, so that S = {0, A, B} is a semigroup of ideal-
triangularizable matrices such that D(S) = 0 for all S ∈ S. However, S is not ideal-
triangularizable, as the diagonal of the matrix
|A|+B =

0 0 1 1
0 0 1 1
1 1 0 0
1 1 0 0

is zero, but the matrix is not nilpotent.
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